
Two-Level Fractional 

Factorial Design



Introduction

• As the number of  factors in a 2k factorial design increases, the number of  runs 
required for a complete replicate of  the design rapidly outgrows the resources of  
most experimenters.

• If  the experimenter can reasonably assume that certain high-order interactions are 
negligible, information on the main effects and low-order interactions may be 
obtained by running only a fraction of  the complete factorial experiment. 

• These fractional factorial designs are among the most widely used types of  designs 
for product and process design, process improvement, and industrial/business 
experimentation.

• A major use of  fractional factorials is in screening experiments—experiments in 
which many factors are considered and the objective is to identify those factors (if  
any) that have large effects. 



Three key ideas behind successful fractional 

factorial design

• 1. The sparsity of  effects principle. When there are several variables, the 

system or process is likely to be driven primarily by some of  the main effects 

and low-order interactions.

• 2. The projection property. Fractional factorial designs can be projected into 

stronger (larger) designs in the subset of  significant factors. 

• 3. Sequential experimentation. It is possible to combine the runs of  two (or 

more) fractional factorials to construct sequentially a larger design to 

estimate the factor effects and interactions of  interest. 



The One-Half  Fraction of  the 2k Design

• Consider a situation in which three factors, each at two levels, are of  interest, 

but the experimenters cannot afford to run all 23 = 8 treatment 

combinations. 

• They can, however, afford four runs. This suggests a one-half  fraction of  a 

23 design. 

• Because the design contains 23-1 = 4 treatment combinations, a one-half  

fraction of  the 23 design is often called a 23-1 design. 

• Suppose we select the four treatment combinations a, b, c, and abc as our 

one-half  fraction. 





• Notice that the 23-1 design is formed by selecting only those treatment 

combinations that have a plus in the ABC column. Thus, ABC is called the 

generator of  this particular fraction.

• Usually we will refer to a generator such as ABC as a word. Furthermore, the 

identity column I is also always plus, so we call I=ABC the defining relation 

for our design. In general, the defining relation for a fractional factorial will 

always be the set of  all columns that are equal to the identity column I. 



• the linear combinations of  the observations used to estimate the main effects 

of  A, B, and C are

• the linear combinations of  the observations used to estimate the two-factor 

interactions are



• when we estimate A, B, and C we are really estimating A + BC,B +AC, and C 

+ AB. Two or more effects that have this property are called aliases. 

• In our example, A and BC are aliases, B and AC are aliases, and C and AB are 

aliases. 

• The notation for aliases is:



• Now suppose that we had chosen the other one-half  fraction, that is, the 

treatment combinations in Table 8.1 associated with minus in the ABC 

column. 

• In practice, it does not matter which fraction is actually used. Both fractions belong to 

the same family

• This alternate, or complementary, one-half  fraction (consisting of  the runs 

(1),ab, ac,and bc) is shown in Figure 8.1b. The defining relation for this 

design is I=-ABC



Design Resolution

• The preceding 23-1 design is called a resolution III design. In such a design, 

main effects are aliased with two-factor interactions. 

• A design is of  resolution R if  no p-factor effect is aliased with another effect 

containing less than R - p factors

• Next we discuss the designs of  resolution  III, IV and V 





Construction and Analysis of  the One-Half  

Fraction

• A one-half  fraction of  the 2k design of  the highest resolution may be constructed 

by writing down a basic design consisting of  the runs for a full 2k1 factorial and 

then adding the kth factor by identifying its plus and minus levels with the plus and 

minus signs of  the highest order interaction ABC (K  1).

• Therefore, the fractional factorial is obtained by writing down the full 22 factorial as 

the basic design and then equating factor C to the AB interaction.

• The alternate fraction would be obtained by equating factor C to the AB interaction.

• The following table will explain the approach





Projection of  factors into factorials

• Any fractional factorial design of  resolution R contains complete factorial 

designs (possibly replicated factorials) in any subset of  R - 1 factors. This is 

an important and useful concept. 

• For example, if  an experimenter has several factors of  potential interest but 

believes that only R - 1 of  them have important effects, then a fractional 

factorial design of  resolution R is the appropriate choice of  design. 

• If  the experimenter is correct, the fractional factorial design of  resolution R 

will project into a full factorial in the R - 1 significant factors.



An example



















Sequences of  Fractional Factorials

• Using fractional factorial designs often leads to great economy and efficiency 
in experimentation, particularly if  the runs can be made sequentially. 

• For example, suppose that we are investigating k  4 factors (24  16 runs). It is 
almost always preferable to run a         fractional design (eight runs), analyze
the results, and then decide on the best set of  runs to perform next.

• If  it is necessary to resolve ambiguities, we can always run the alternate 
fraction and complete the 24 design.

•





The One-Quarter Fraction of  the 2k Design

• For a moderately large number of  factors, smaller fractions of  the 2k design are frequently 
useful. 

• Consider a one-quarter fraction of  the 2k design. This design contains 2k-2 runs and is 
usually called a 2k-2 fractional factorial

• The 2k-2 design may be constructed by first writing down a basic design consisting of  the 
runs associated with a full factorial in k - 2 factors and then associating the two additional 
columns with appropriately chosen interactions involving the first k - 2 factors. 

• Thus, a one-quarter fraction of  the 2k design has two generators. If  P and Q represent the 
generators chosen, then I=P and I =Q are called the generating relations for the design. The 
signs of  P and Q (either + or -) determine which one of  the one-quarter fractions is 
produced. 

• All four fractions associated with the choice of  generators ± P and ± Q are members of  the 
same family. The fraction for which both P and Q are positive is the principal fraction. 



• The complete defining relation for the design consists of  all the columns that 

are equal to the identity column I. 

• These will consist of  P, Q, and their generalized interaction PQ; that is, the 

defining relation is I = P = Q = PQ.  

• We call the elements P, Q, and PQ in the defining relation words. The aliases 

of  any effect are produced by the multiplication of  the column for that 

effect by each word in the defining relation. 

















The General 2k-p Fractional Factorial Design

• A 2k fractional factorial design containing 2k-p runs is called a 1/2p fraction of  the 2k

design or, more simply, a 2k-p fractional factorial design. 

• These designs require the selection of  p independent generators. The defining 
relation for the design consists of  the p generators initially chosen and their 2p - p -
1 generalized interactions.

• The alias structure may be found by multiplying each effect column by the defining 
relation. 

• Care should be exercised in choosing the generators so that effects of  potential 
interest are not aliased with each other. Each effect has 2p - 1 aliases. 



• It is important to select the p generators for a 2k-p fractional factorial design 

in such a way that we obtain the best possible alias relationships. 

• A reasonable criterion is to select the generators such that the resulting 2k-p

design has the highest possible resolution.

• Lets look at an example



• Here we used the generators E = ABC and F = BCD, thereby producing a design of  
resolution IV. 

• This is the maximum resolution design. If  we had selected E = ABC and F = ABCD, the 
complete defining relation would have been I = ABCE = ABCDF = DEF, and the design 
would be of  resolution III. 

• Clearly, this is an inferior choice because it needlessly sacrifices information about 
interactions. 



• Sometimes resolution alone is insufficient to distinguish between designs. For example, 
consider the three designs in Table 8.13 (given in next slide). 

• All of  these designs are of  resolution IV, but they have rather different alias structures (we 
have assumed that three-factor and higher interactions are negligible) with respect to the 
two-factor interactions. 

• Clearly, design A has more extensive aliasing and design C the least, so design C would be 
the best choice.

• The three word lengths in design A are all 4; that is, the word length pattern is {4, 4, 4}. For 
design B it is {4, 4, 6}, and for design C it is {4, 5, 5}. Notice that the defining relation for 
design C has only one four-letter word, whereas the other designs have two or three. 





• Thus, design C minimizes the number of  words in the defining relation that 

are of  minimum length. We call such a design a minimum aberration design. 

• Minimizing aberration in a design of  resolution R ensures that the design has 

the minimum number of  main effects aliased with interactions of  order R -

1, the minimum number of  two-factor interactions aliased with interactions 

of  order R - 2, and so forth.



• The following table (in the next slide) presents a selection of  2k-p fractional 

factorial designs for k <= 15 factors and up to n <= 128 runs. The 

suggested generators in this table will result in a design of  the highest 

possible resolution. These are also the minimum aberration designs.









Blocking Fractional Factorials 

• Occasionally, a fractional factorial design requires so many runs that all of  them 
cannot be made under homogeneous conditions. In these situations, fractional 
factorials may be confounded in blocks.

• consider the fractional factorial design with the defining relation I = ABCE = 
BCDF =ADEF

• This fractional design contains 16 treatment combinations. 

• Suppose we wish to run the design in two blocks of  eight treatment combinations 
each. In selecting an interaction to confound with blocks, we note from examining 
the alias structure in Appendix Table X(f)(part extracted in the next slide) that there 
are two alias sets involving only three-factor interactions. 

• The table suggests selecting ABD(and its aliases) to be confounded with blocks.





Alias Structures in Fractional Factorials and 

Other Designs

• The method uses the polynomial or regression model representation of  the 

model, say 

•





Resolution III designs

• It is possible to construct resolution III designs for investigating up to k = N 
- 1 factors in only N runs, where N is a multiple of  4. 

• These designs are frequently useful in industrial experimentation.

• Designs in which N is a power of  2 can be constructed by the methods 
presented earlier

• Of  particular importance are designs requiring 4 runs for up to 3 factors, 8 
runs for up to 7 factors, and 16 runs for up to 15 factors. If  k = N - 1, the 
fractional factorial design is said to be saturated. 



• A very useful saturated fractional factorial is a design for studying seven 

factors in eight runs, that is, the

• This design is a one-sixteenth fraction of  the 27. It may be constructed by 

first writing down as the basic design the plus and minus levels for a full 23

design in A, B, and C and then associating the levels of  four additional 

factors with the interactions of  the original three as follows: D = AB, E = 

AC, F = BC, and G = ABC. Thus, the generators for this design are I = 

ABD, I = ACE, I = BCF, and I = ABCG. 







• If  we assume that three-factor and higher interactions are negligible, then :





Fold Over of  Resolution III Fractions to 

Separate Aliased Effects

• By combining fractional factorial designs in which certain signs are switched, 

we can systematically isolate effects of  potential interest. 

• This type of  sequential experiment is called a fold over of  the original 

design. 

• The alias structure for any fraction with the signs for one or more factors 

reversed is obtained by making changes of  sign on the appropriate factors in 

the alias structure of  the original fraction.





• From the two linear combinations of  effects                                          , we 

get 



• Thus, we have isolated the main effect of  D and all of  its two-factor interactions. 

• In general, if  we add to a fractional design of  resolution III or higher a further 
fraction with the signs of  a single factor reversed, then the combined design will 
provide estimates of  the main effect of  that factor and its two-factor interactions. 
This is sometimes called a single-factor fold over.

• Now suppose we add to a resolution III fractional a second fraction in which the 
signs for all the factors are reversed. 

• This type of  fold over (sometimes called a full fold over or a reflection) breaks the 
alias links between all main effects and their two-factor interactions. 







• Table 8.22 is in next slide





The Defining Relation for a Fold-Over Design.

• It is often of  interest to know the defining relation for the combined design. 

• Each separate fraction will have L + U words used as generators: L words of  

like sign and U words of  unlike sign. 

• The combined design will have L + U - 1 words used as generators. These 

will be the L words of  like sign and the U - 1 words consisting of  

independent even products of  the words of  unlike sign. (Even products are 

words taken two at a time, four at a time, and so forth.) 



• Consider example 8.7

• For the first fraction, the generators are

• I = ABD, I = ACE, I = BCF, and I = ABCG

• and for the second fraction, they are

• I =-ABD, I =-ACE, I =-BCF, and I = ABCG

• In the second fraction we have switched the signs on the generators with an odd number of  
letters. Also, notice that L + U = 1 + 3 = 4. The combined design will have I = ABCG (the 
like sign word) as a generator and two words that are independent even products of  the 
words of  unlike sign.

• For example, take I = ABD and I = ACE; then I = (ABD)(ACE) = BCDE is a generator 
of  the combined design.



Resolution IV Designs 

• A 2k-p fractional factorial design is of  resolution IV if  the main effects are 
clear of  two factor interactions and some two-factor interactions are aliased 
with each other. 

• Thus, if  three factor and higher interactions are suppressed, the main effects 
may be estimated directly in a        design.  

• Resolution IV designs are used extensively as screening experiments

• Any design must contain at least 2k runs. Resolution IV designs that 
contain exactly 2k runs are called minimal designs. Resolution IV designs 
may be obtained from resolution III designs by the process of  fold over.



• To fold over, we  add to the original fraction a second fraction with all the 

signs reversed.

• Then the plus signs in the identity column I in the first fraction could be 

switched in the second fraction, and a (k +1)st factor could be associated 

with this column.

• The result is a design.

• We look at an example in the next slide 





Sequential Experimentation with Resolution IV 

Designs 

• The simplest way to fold over a resolution IV design is to switch the signs on 

a single variable of  the original design matrix. 

• This single-factor fold over allows all the two-factor interactions involving 

the factor whose signs are switched to be separated and accomplishes the 

(breaking the two-factor interaction aliases involving a specific factor. )

• We consider an example next



• experiment was conducted to study the effects of  six factors on the thickness of  
photoresist coating applied to a silicon wafer.

• The design factors are A =spin speed, B = acceleration, C = volume of  resist 
applied, D = spin time, E = resist viscosity, and F = exhaust rate

• It can be observed (from table in next slide) that the largest main effects are A, B, C, 
and E, and since these effects are aliased with three-factor or higher interactions, it 
is logical to assume that these are real effects. However, the effect estimate for the 
AB  CE alias chain is also large. Unless other process knowledge or engineering 
information is available, we do not know whether this is AB, CE, or both of  the 
interaction effects.





• The fold-over design is constructed by setting up a new          fractional 

factorial design and changing the signs on factor A

• The effects that are estimated from the combined set of  runs are (ignoring 

interactions involving three or more factors)



Block 1- initial run, Block 2-folded run



• The generators for the original fractions are E  ABC and F  BCD, and 

because we changed the signs in column A to create the fold over, the 

generators for the second group of  16 runs are E  ABC and F  BCD. 

• Since there is only one word of  like sign (L  1, U  1) and the combined 

design has only one generator (it is a one-half  fraction), the generator for the 

combined design is F  BCD. 

• Furthermore, since ABCE is positive in block 1 and ABCE is negative in 

block 2, ABCE plus its alias ADEF are confounded with blocks. 



• Here we used 16 additional runs but only gained five additional degrees of  freedom 
for estimating two factor interactions. This is not a terribly efficient use of  
experimental resources.  One more efficient alternative is partial fold.

• In a partial fold over (or semifold) we make only half  of  the runs required for a 
complete fold over, which for the spin coater experiment would be eight runs. 

• The following steps will produce a partial fold-over design: 

• Construct a single-factor fold over from the original design in the usual way by changing the 
signs on a factor that is involved in a two-factor interaction of  interest. 

• Select only half  of  the fold-over runs by choosing those runs where the chosen factor is 
either at its high or low level. Selecting the level that you believe will generate the most 
desirable response is usually a good idea. 



Partial fold considering the previous example





Resolution V Designs

• Resolution V designs are fractional factorials in which the main effects and the two-
factor interactions do not have other main effects and two-factor interactions as 
their aliases. 

• Consequently, these are very powerful designs, allowing unique estimation of  all 
main effects and two-factor interactions, provided of  course that all interactions 
involving three or more factors are negligible. 

• The shortest word in the defining relation of  a resolution V design must have five 
letters. 

• The 25-1 design with I = ABCDE is perhaps the most widely used resolutionV
design, permitting study of  five factors and estimation of  all five main effects and 
all 10 two factor interactions in only 16 runs



Supersaturated Design

• A saturated design is defined as a fractional factorial in which the number of  

factors or design variables k = N - 1, where N is the number of  runs. 

• In recent years, considerable interest has been shown in developing and using 

supersaturated designs for factor screening experiments. In a supersaturated 

design, the number of  variables k>N - 1, and usually these designs contain 

quite a few more variables than runs. 

• Most design construction techniques are limited computer search 

procedures based on simple heuristics

• Others have proposed methods based on optimal design construction techniques


